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SMOOTH APPROXIMATION OF THE MODIFIED CONICAL
KA¨HLER-RICCI FLOW
RYOSUKE TAKAHASHI
Abstract. We introduce the conical Ka¨hler-Ricci flow modified by a holomor-
phic vector field. We construct a long-time solution of the modified conical Ka¨hler-
Ricci flow as the limit of a sequence of smooth Ka¨hler-Ricci flows.
1. Introduction
LetM be an n-dimensional Fano manifold with a Ka¨hler metric ω0 ∈ 2πc1(M). A
Ka¨hler metric ω ∈ 2πc1(M) is called Ka¨hler-Einstein if it satisfies Ric(ω) = ω. For a
long while, it was conjectured that the existence of Ka¨hler-Einstein metrics is equiva-
lent to some algebro-geometric stability in the sense of Geometric Invariant Theory
(Yau-Donaldson-Tian conjecture), which was recently solved by Chen-Donaldson-
Sun [CDS15] and Tian [Tia15]. Their strategy was to study the existence problem
of smooth Ka¨hler-Einstein metrics on M by deforming the cone angle, i.e., study
the Gromov-Hausdorff limit of conical Ka¨hler-Einstein metrics with cone angle 2πβ
(0 < β ≤ 1) along a smooth divisor D ∈ | −KM |:
Ric(ω) = βω + (1− β)[D]
when β goes to 1, where [D] is the current of integration along D. Although YDT
conjecture has been completely settled, the existence problem of conical Ka¨hler-
Einstein metrics itself is also an interesting problem and studied extensively by
many experts (cf. [LS14], [SW16]).
Now we consider more general settings: we allow D ∈ | − λKM | (λ ∈ R+) to be
an R-effective divisor with simple normal crossing support and write
D =
d∑
i=1
τiDi
where τi > 0 and Di are smooth components. We say that a Ka¨hler current ω ∈
2πc1(M) is a conical Ka¨hler metric along (1 − β)D (0 < β ≤ 1) if ω is smooth
Ka¨hler on M\D, and asymptotically equivalent to the model conical Ka¨hler metric
near D: more precisely, near each point p ∈ Supp(D) where Supp(D) is cut out by
the equation {z1 · · · zr = 0} (r ≤ d) for some local holomorphic coordinates (zi), ω
satisfies
C−1ωmodel ≤ ω ≤ Cωmodel
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for some constant C > 0, where
ωmodel :=
√−1
r∑
i=1
|zi|2(β−1)τidzi ∧ dz i¯ +√−1
n∑
i=r+1
dzi ∧ dz i¯
is the model conical Ka¨hler metric with cone angles 2π(1− (1−β)τi) along {zi = 0}.
Let X be a holomorphic vector field on M whose imaginary part Im(X) generates
a torus action on the line bundles OM (Di). Let Hi be Im(X)-invariant hermitian
metrics on OM (Di) such that the curvature of the induced hermitian metric HD :=
⊗di=1Hτii is λω0. Let si be the defining sections of OM (Di) associated to Di, and set
sD := ⊗di=1sτii . We define a Ka¨hler current ω∗ as
ω∗ := ω0 + k
d∑
i=1
√−1∂∂¯|si|2(1−(1−β)τi)Hi
for sufficiently small constant k > 0. Then ω∗ is a conical Ka¨hler metric along
(1− β)D. According to [DGSW13], we say that a conical Ka¨hler metric ω ∈ c1(M)
is a conical Ka¨hler-Ricci soliton if it satisfies
(1.1) Ric(ω) = γω + (1− β)[D] + LXω
in the sense of distributions on M , and
Ric(ω) = γω + LXω
in the classical sense on M\D, where γ = γ(λ, β) := 1 − λ(1 − β) ≥ 0 and LXω is
defined so that ∫
M
LXω ∧ ζ = −
∫
M
ω ∧ LXζ
for any smooth (n − 1, n − 1)-form ζ on M . The notion of conical Ka¨hler-Ricci
solitons is a generalization of classical Ka¨hler-Ricci solitons (cf. [TZ00], [TZ02])
for the conical settings, and their examples in toric Fano manifolds are studied in
[DGSW13] and [WZZ16].
In this paper, we introduce the followingmodified conical Ka¨hler-Ricci flow (MCKRF):
(1.2)
{
∂ω
∂t = −Ric(ω) + γω + (1− β)[D] + LXω
ω|t=0 = ω∗.
Then conical Ka¨hler-Ricci solitons with respect to X can be viewed as the stationary
points of MCKRF. We say that ω = ω(t) (t ∈ [0,∞)) is a long-time solution of the
above MCKRF if ω(t) is a conical Ka¨hler metric along (1 − β)D for each t which
satisfies the equation ( 1.2) in the sense of distributions on M × [0,∞) and can be
simplified to the classical modified Ka¨hler-Ricci flow
∂ω
∂t
= −Ric(ω) + γω + LXω
on (M\D) × [0,∞). If a long-time solution of the flow ( 1.2) converges to some
Ka¨hler current, it should be a conical Ka¨hler-Ricci soliton with respect to X. Thus
the flow ( 1.2) provides a new standard method for studying the equation ( 1.1). In
the case when X ≡ 0, Chen-Wang [CW15]1 established the short-time existence of
the flow ( 1.2). Then Liu-Zhang [LZ17] and Wang [Wan16] showed the long-time
1More precisely, they dealt with the “strong” conical Ka¨hler-Ricci flow (with some Ho¨lder con-
tinuity assumptions for potential functions).
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existence independently. On the other hand, in the general case, it seems that the
flow ( 1.2) is considered only for D = 0 (cf. [TZ07], [PSSW11]).
Following the idea of [LZ17] and [Wan16], we will construct a long-time solution
of ( 1.2) as the limit of a sequence of smooth Ka¨hler-Ricci flows ϕǫ, where ϕǫ (ǫ > 0)
is a solution of the modified twisted Ka¨hler-Ricci flow (MTKRF) defined in Section
2. Then we show the following:
Theorem 1.1. Assume that |X(log |sD|2HD)| < C onM\D for some constant C > 0.
Let ωϕǫ be a long-time solution of the modified twisted Ka¨hler-Ricci flow ( 2.4).
Then, by passing to a subsequence {ǫi} satisfying ǫi → 0 as i → ∞, the Ka¨hler
metric ωϕǫi converges to a solution of the modified conical Ka¨hler-Ricci flow:{
∂ωϕ
∂t = −Ric(ωϕ) + γωϕ + (1− β)[D] + LXωϕ
ωϕ|t=0 = ω∗
as i → ∞, where ωϕ := ω∗ +
√−1∂∂¯ϕ, and for any t ∈ [0,∞), the potential
function ϕ is Ho¨lder continuous with respect to ω0. This covergence holds in the
sense of distributions on M × [0,∞), and in the C∞loc-topology on (M\D)× [0,∞) .
In particular, there exists a long-time solution of the modified conical Ka¨hler-Ricci
flow.
Remark 1.1. (1) The assumption |X(log |sD|2HD)| < C is a necessary condition
for the existence of a conical Ka¨hler-Ricci soliton with respect to X. In
particular, this condition implies that X is tangent to Supp(D) (cf. [JLZ16,
Remark 4.2]). This assumption is used only for the uniform Laplacian esti-
mate of MTKRF (cf. Proposition 3.2).
(2) We also note that when D is smooth and λ ≥ 1, such a vector field X
automatically becomes trivial (cf. [SW16, Theorem 2.1]). This is a reason
why we allow D to have simple normal crossing support.
An advantage of our approach is that we do not rely on the linear theory for conical
Laplacians established by Donaldson [Don12] and Chen-Wang [CW15]. At the same
time, we should point out that Theorem 1.1 provides us not only the long-time
existence of solutions, but also “the regularization method” to study the flow. The
author expects that the conical Ka¨hler-Ricci flow (and its regularization) method
also works for the existence problem of conical Ka¨hler-Ricci solitons. The arguments
in this paper run closely in parallel to those of [LZ17] except some changes due to
the modification X. Nevertheless, we will try to make the arguments reasonably
self-contained for readers’ convenience.
The paper is organized as follows. We first review the regularization method and
reduction to the Monge-Ampe`re flow in Section 2. Then we consider the uniform
Laplacian estimate for MTKRF in Section 3. Finally, we establish the C∞loc-estimate
of MTKRF and give the proof of Theorem 1.1 in Section 4.
Acknowledgements. The author would like to express his gratitude to his advisor
Professor Shigetoshi Bando for useful discussions on this article. This research is
supported by Grant-in-Aid for JSPS Fellows Number 16J01211.
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2. Regularization and reduction to the Monge-Ampe`re flow
Let ǫ > 0 be a small constant. As in [GP16, Section 3.1], We define the function
(2.1) χi(ǫ
2 + u) :=
1
1− (1− β)τi
∫ u
0
(ǫ2 + r)1−(1−β)τi − ǫ2(1−(1−β)τi)
r
dr
for i = 1, . . . , d and u ≥ 0. Then we see that the function χi(ǫ2 + u) is smooth for
each ǫ, and there exists uniform constants (independent of ǫ) C > 0 and ν > 0 such
that for all i, we have
(2.2) 0 ≤ χi(ǫ2 + u) < C
provided that u belongs to a bounded interval, and
(2.3) ωǫ ≥ νω0.
We also have the convergence
χi(ǫ
2 + |si|2Hi)
ǫ→0−−→ |si|2(1−(1−β)τi)Hi
in the C∞loc-topology on M\Di. Set χ :=
∑d
i=1 χi(ǫ
2 + |si|2Hi) and ωǫ := ω0 +√−1∂∂¯kχ. Then we have
ωǫ
ǫ→0−−→ ω∗
in the sense of distributions on M , and in the C∞loc-topology on M\D. Meanwhile,
since [D] = λω0 +
∑d
i=1
√−1τi∂∂¯ log |si|2Hi by the Poincare`-Lelong formula, we ob-
serve that
ηǫ := λω0 +
d∑
i=1
√−1τi∂∂¯ log(|si|2Hi + ǫ2)
ǫ→0−−→ [D],
again, this convergence holds in the sense of distributions on M , and in the C∞loc-
topology onM\D. Now We define the modified twisted Ka¨hler-Ricci flow (MTKRF)
with the twisted form ηǫ:
(2.4)
{
∂ωϕǫ
∂t = −Ric(ωϕǫ) + γωϕǫ + (1− β)ηǫ + LXωϕǫ
ωϕǫ |t=0 = ωǫ,
where ωϕǫ := ωǫ +
√−1∂∂¯ϕǫ. For an Im(X)-invariant Ka¨hler metric ω ∈ 2πc1(M),
we also define an R-valued function θX(ω) by
(2.5)
{
iXω =
√−1∂¯θX(ω)∫
M e
θX(ω)ωn = [ω0]
n.
In particular, we set θX := θX(ω0). Then, from [TZ02, Proposition 1.1] and [Zhu00,
Corollary 5.3] (or [BN14, Section 2.3]), we have the following:
Proposition 2.1. Let φ be a real-valued smooth function such that Im(X)(φ) = 0
and ωφ := ω0 +
√−1∂∂¯φ ≥ 0. Then we have
(1) θX(ωφ) = θX +X(φ).
(2) supM |X(φ)| < C for some constant C which depends only on ω0 and X.
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Since MTKRF preserves the initial Ka¨hler class [ω0], we can reduce MTKRF to
the Monge-Ampe`re flow:
(2.6){
∂ϕǫ
∂t = log
ωnϕǫ
ωn
0
+ F0 + γ(kχ+ ϕǫ) + log(
∏d
i=1(ǫ
2 + |si|2Hi))(1−β)τi + θX(ωϕǫ)
ϕǫ|t=0 = cǫ0.
where cǫ0 is a real constant such that cǫ0
ǫ→0−−→ c0 and F0 is the Ricci potential with
respect to ω0:
(2.7)
{
−Ric(ω0) + ω0 =
√−1∂∂¯F0∫
X e
−F0ωn0 = [ω0]
n.
We offten use the twisted Ricci potential Fǫ defined by
Fǫ := F0 + log
(
ωnǫ
ωn0
·
d∏
i=1
(ǫ2 + |si|2Hi)(1−β)τi
)
.
Remark 2.1. According to [CGP13], we see that Fǫ is uniformly bounded.
Then the flow ( 2.6) can be written as{
∂ϕǫ
∂t = log
ωnϕǫ
ωnǫ
+ Fǫ + γ(kχ+ ϕǫ) + θX(ωϕǫ)
ϕǫ|t=0 = cǫ0.
3. C0-estimate, volume ratio estimate and uniform Laplacian estimate
In this section, we establish the uniform Laplacian estimate of MTKRF. First, we
show the volume ratio estimate and C0-estimate:
Proposition 3.1. Let ϕǫ be the solution of ( 2.6). Then there exists a uniform
constant C (independent of ǫ and t) such that
sup
M×[0,T ]
|ϕǫ| ≤ CγT ,
sup
M×[0,T ]
|ϕ˙ǫ| ≤ CeγT .
Proof. Differentiating the equation ( 2.6) in t, we have
dϕ˙ǫ
dt
= (∆ωϕǫ +X)ϕ˙ǫ + γϕ˙ǫ.
By the maximum principle, we have
|ϕ˙ǫ(t)| ≤ |ϕ˙(0)|eγt,
where ϕ˙(0) = Fǫ + γ(kχ+ cǫ0) + θX +X(kχ). Thus, by ( 2.2), Proposition 2.1 and
Remark 2.1, we know that |ϕ˙(0)| ≤ C for some uniform constant C. Then we have
|ϕ˙ǫ(t)| ≤ Ceγt.
Integrating with respect to t, we get
|ϕǫ(t)| ≤ Ceγt
as desired. 
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As in the arguments in [LZ17, Proposition 3.1] and [JLZ16, Theorem 4.3], we can
show the uniform Laplacian estimate for MTKRF:
Proposition 3.2. Let ϕǫ be a solution of ( 2.6). Assume that there exists a uniform
constant C > 0 such that
(1) supM×[0,T ] |ϕǫ| < C,
(2) supM×[0,T ] |ϕ˙ǫ| < C.
Then there exists a uniform constant A = A(λ, {τi}, β, ω0,X,C) such that
(3.1) A−1ωǫ ≤ ωϕǫ ≤ Aωǫ.
Proof. We choose local normal coordinates (zi) with respect to ωǫ where ωϕǫ is
diagonal, and reduce to local computation. Then we observe that(
d
dt
−∆ωϕǫ
)
log trωǫωϕǫ =
1
trωǫωϕǫ
(
∆ωǫ
(
ϕ˙ǫ − log
ωnϕǫ
ωnǫ
)
+Rωǫ
)
− 1
trωǫωϕǫ
(gpq¯ϕǫgϕǫjm¯R
m¯j
ωǫpq¯)
+
{
gδk¯ϕǫ∂δtrωǫωϕǫ∂k¯trωǫωϕǫ
(trωǫωϕǫ)
2
− g
γs¯
ǫ ϕǫγ
t
pϕǫs¯t
p
trωǫωϕǫ
}
.
The computation in [Tos15, Theorem 3.9] implies that
gδk¯ϕǫ∂δtrωǫωϕǫ∂k¯trωǫωϕǫ
(trωǫωϕǫ)
2
− g
γs¯
ǫ ϕǫγ
t
pϕǫs¯t
p
trωǫωϕǫ
≤ 0.
Since
gpq¯ϕǫgϕǫjm¯R
m¯j
ωǫ pq¯ =
1 + ϕǫi¯i
1 + ϕǫjj¯
Ri¯iωǫjj¯,
n = trωǫω0 + ktrωǫ(
√−1∂∂¯χ) ≥ k∆ωǫχ,
∆ωǫϕǫ
trωǫωϕǫ
=
∑
i ϕǫi¯i∑
i(1 + ϕǫi¯i)
≤ 1,
we have(
d
dt
−∆ωϕǫ
)
log trωǫωϕǫ ≤ −
1
trωǫωϕǫ
∑
i,j
1 + ϕǫi¯i
1 + ϕǫjj¯
Ri¯iωǫ jj¯
+
1
trωǫωϕǫ
∆ωǫ(Fǫ + γ(kχ+ ϕǫ) + θX(ωϕǫ)) +Rωǫ
≤ − 1
trωǫωϕǫ
∑
i≤j
(
1 + ϕǫi¯i
1 + ϕǫjj¯
+
1 + ϕǫjj¯
1 + ϕǫi¯i
− 2
)
Ri¯iωǫ jj¯
+
1
trωǫωϕǫ
(∆ωǫFǫ) +
γn
trωǫωϕǫ
+ γ +
1
trωǫωϕǫ
∆ωǫθX(ωϕǫ).
Let C1 be a uniform constant such that√−1∂∂¯F0 ≥ −C1ω0.
Then, by ( 2.3), we have
0 ≤ trωǫ(
√−1∂∂¯F0 + C1ω0) ≤ ν−1trω0(
√−1∂∂¯F0 +C1ω0) = ν−1(C1n+∆ω0F0).
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Hence we have the uniform bound of ∆ωǫF0:
−C1ν−1 ≤ −C1trωǫω0 ≤ ∆ωǫF0 ≤ ν−1(C1n+∆ω0F0).
Now we recall the arguments in [GP16, Section 2, Section 3, Section 4]. We set
χρ(ǫ
2 + u) =
1
ρ
∫ u
0
(ǫ2 + r)ρ − ǫ2ρ
r
dr
and define the “auxiliary function” Ψǫ,ρ by
Ψǫ,ρ := C˜
d∑
i=1
χρ(ǫ
2 + |si|2Hi),
where C˜ > 0 and ρ > 0 are constants. Then the function Ψǫ,ρ is uniformly bounded.
After taking suitable uniform constants C˜, ρ and C2, we have
−
∑
i≥j
(
1 + ϕǫi¯i
1 + ϕǫjj¯
+
1 + ϕǫjj¯
1 + ϕǫi¯i
− 2
)
Ri¯iωǫjj¯ − trωǫωϕǫ∆ωϕǫΨǫ,ρ +∆ωǫFǫ
≤ C2
∑
i≤j
(
1 + ϕǫi¯i
1 + ϕǫjj¯
+
1 + ϕǫjj¯
1 + ϕǫi¯i
)
+ C2trωϕǫωǫ · trωǫωϕǫ +∆ωǫF0 + C2.
Combining with the Cauchy-Shwartz inequality n ≤ trωϕǫωǫ · trωǫωϕǫ , we get
(
d
dt
−∆ωϕǫ
)
(log trωǫωϕǫ +Ψǫ,ρ) ≤
C2
trωǫωϕǫ
∑
i≤j
(
1 + ϕǫi¯i
1 + ϕǫjj¯
+
1 + ϕǫjj¯
1 + ϕǫi¯i
)
+
C3
trωǫωϕǫ
+ C2trωϕǫωǫ +
1
trωǫωϕǫ
∆ωǫθX(ωϕǫ) + C4
≤ C2
trωǫωϕǫ

(∑
i
1
1 + ϕǫi¯i
)∑
j
(1 + ϕǫjj¯)
+ n

+
C3
trωǫωϕǫ
+ C2trωϕǫωǫ +
1
trωǫωϕǫ
∆ωǫθX(ωϕǫ) + C4
≤ C5trωϕǫωǫ +
1
trωǫωϕǫ
∆ωǫθX(ωϕǫ) + C4.
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Since maxi=1,...,n{supM Xi,i, 0} ≤ C6 is uniformly bounded2 (cf. [JLZ16, Lemma
A.2]), we get
∆ωǫθX(ωϕǫ) =
∑
i
θX(ωϕǫ)i¯i
=
∑
i
(Xjgϕǫji¯)i
=
∑
i
(Xj ,igϕǫji¯ +X
jgϕǫji¯,i)
=
∑
i
(Xj ,igϕǫji¯ +X
jgϕǫ i¯i,j)
=
∑
i
Xi,i(1 + ϕǫi¯i) +
∑
i
Xjϕǫi¯ij
≤ C6trωǫωϕǫ +
∑
i
Xjϕǫi¯ij.
On the other hand, from the assumption (2), we know that(
d
dt
−∆ωϕǫ
)
ϕǫ = ϕ˙ǫ − trωϕǫ (ωϕǫ − ωǫ) = ϕ˙− n+ trωϕǫωǫ ≥ trωϕǫωǫ − (C + n).
Thus, if we set B := C5 + 1, we have(
d
dt
−∆ωϕǫ
)
(log trωǫωϕǫ +Ψǫ,ρ −Bϕǫ) ≤ −trωϕǫωǫ +
1
trωǫωϕǫ
∑
i
Xjϕǫjj¯i + C7.
We assume that the function log trωǫωϕǫ+Ψǫ,ρ−Bϕǫ takes its maximum at (x0, t0) ∈
M × [0, T ]. If t0 = 0, we have log trωǫωϕǫ +Ψǫ,ρ −Bϕǫ = log n+Ψǫ,ρ −Bcǫ0, which
is uniformly bounded since Ψǫ,ρ and cǫ0 is. Now we assume that t0 > 0. Then, by
the maximum principle, we have
0 ≤ −trωϕǫωǫ +
1
trωǫωϕǫ
∑
i
Xjϕǫjj¯i + C7
at (x0, t0). On the other hand, differentiating the function log trωǫωϕǫ +Ψǫ,ρ −Bϕǫ
in zj implies
∂
∂zj
(log trωǫωϕǫ +Ψǫ,ρ −Bϕǫ) =
1
trωǫωϕǫ
ϕǫi¯ij +Ψǫ,ρ,j −Bϕǫj.
Hence, at (x0, t0), we have
1
trωǫωϕǫ
∑
i
Xjϕǫjj¯i = X(Bϕǫ −Ψǫ,ρ).
According to [GP16, Section 4], we find that there exists a small uniform constant
k′ > 0 such that ω0 + k
′
√−1∂∂¯Ψǫ,ρ ≥ 0. Thus, combining with Proposition 2.1
implies
|X(ϕǫ)| ≤ |X(kχ+ ϕǫ)|+ |X(kχ)| ≤ C8,
|X(Ψǫ,ρ)| ≤ C9.
Thus we have
trωϕǫωǫ ≤ C10
2We need the assumption |X(log |sD|
2
HD
)| < C to get this uniform bound.
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at (x0, t0). Then we observe that
trωǫωϕǫ(x0, t0) ≤
1
(n− 1)! (trωϕǫωǫ)
n−1(x0, t0) ·
ωϕnǫ
ωnǫ
(x0, t0)
≤ C
n−1
10
(n− 1)! exp(ϕ˙ǫ − Fǫ − γ(kχ+ ϕǫ)− θX −X(kχ+ ϕǫ))(x0, t0)
≤ C11.
Since Fǫ and Ψǫ,ρ are uniformly bounded, we find that
trωǫωϕǫ ≤ C12
on M . Hence the flow equation ( 2.6) and the uniform bound of ϕǫ, ϕ˙ǫ, Fǫ, X(kχ+
ϕǫ) give the desired inequality ( 3.1) for some uniform constant A. 
4. C∞loc-estimate and completion of the proof of Theorem 1.1
In this section, we establish the C∞loc-estimate of MTKRF. Let
φǫ := ϕǫ + kχ.
Then we have
ωφǫ := ω0 +
√−1∂∂¯φ = ωϕǫ .
In order to simplify the notation, we drop the explicit dependence of ǫ and write φ,
η, etc. Then the equation of MTKRF can be written as
(4.1)
∂ωφ
∂t
= −Ric(ωφ) + γωφ + η˜ + LXωφ,
where η˜ := (1− β)η ∈ (1− γ)c1(M), or equivalently,
(4.2)
dgφkl¯
dt
= −Rφkl¯ + γgφkl¯ + η˜kl¯ +∇φkXl¯.
Then we can reduce the above equation to the Monge-Ampe`re flow:
(4.3)
∂φ
∂t
= log
ωnφ
ωn0
+ γφ+ F + θX(ωφ),
where F is a twisted Ricci potential
√−1∂∂¯F = −Ric(ω0) + γω0+ η˜. Let ∇φ (resp.
∇0) be the covariant derivative with respect to ωφ (resp. ω0). We set
S := |∇0gφ|2ωφ = g
ij¯
φ g
kl¯
φ g
pq¯
φ ∇0igφkq¯∇0j¯gφpl¯.
If we put
hik := g
ij¯
0 gφkj¯,
Ukil := (∇φih · h−1)kl,
then we have
(4.4) Ukil = Γ
k
φil − Γk0il,
S = |U |2ωφ ,
where Γkφil (resp. Γ
k
0il) is the Christoffel symbol of ωφ (resp. ω0). The following
proposition is an X-analogue of [LZ17, Proposition 3.3].
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Proposition 4.1. Let p ∈M and φ be a solution of the Monge-Ampe`re flow ( 4.3).
We assume that there exists a constant N > 0 such that
(4.5) N−1ω0 ≤ ωφ ≤ Nω0
on Br(p) × [0, T ], where Br(p) is a geodesic ball of radius r > 0 centered at p with
respect to ω0. Then there exists constants
C ′ = C ′(N, γ, ω0,X, ‖φ(·, 0)‖C3 (Br(p)), ‖η˜‖C1(Br(p)))
and
C ′′ = C ′′(N, γ, ω0,X, ‖φ(·, 0)‖C4(Br(p)), ‖η˜‖C2(Br(p)))
such that
S ≤ C ′,
|Rmφ|2ωφ ≤ C ′′
on Br/2(p)× [0, T ]. Moreover, for any k ≥ 0 and 0 < α < 1, there exists constants
Cik = C
i
k(N, γ, ω0,X, ‖φ(·, 0)‖Ck+4(Br(p)), ‖φ‖C0(Br(p)×[0,T ]), ‖η˜‖Ck+2(Br(p)), ‖F‖C0(Br(p))) (i = 1, 2, 3)
such that
|DkRmφ|2ωφ ≤ C1k ,
‖φ˙‖Ck+1,α ≤ C2k ,
‖φ‖Ck+3,α ≤ C3k
on Br/2(p)× [0, T ].
Proof. We first establish the local version of Calabi’s C3-esitimate. A direct com-
putation shows that(
d
dt
−∆ωφ
)
S = gmγ¯φ gφµ¯βg
lα¯
φ ((g
βs¯
φ ∇φmη˜s¯l −∇q¯φR0βlq¯m)U µ¯γ¯α¯ + Uβml(gµ¯sφ ∇φγ¯ η˜sα¯ −∇qφR0µ¯α¯qγ¯))
−UβmlU µ¯γ¯α¯(η˜pq¯gpγ¯φ gmq¯φ gφµ¯βglα¯φ − gmγ¯φ η˜µ¯βglα¯φ + gmγ¯φ gφµ¯βgpα¯φ glq¯φ η˜pq¯)
−γS − |∇φU |2ωφ − |∇φU |2ωφ
+ gmγ¯φ gφµ¯βg
lα¯
φ · ∇φm∇φlXβ · U µ¯γ¯α¯︸ ︷︷ ︸
(X;I)
+ gmγ¯φ gφµ¯βg
lα¯
φ · ∇φγ¯∇φα¯X µ¯ · Uβml︸ ︷︷ ︸
(X;II)
− gφµ¯βglα¯φ · ∇γ¯φXm · UβmlU µ¯γ¯α¯︸ ︷︷ ︸
(X;III)
+ gmγ¯φ g
lα¯
φ · ∇φβXµ¯ · UβmlU µ¯γ¯α¯︸ ︷︷ ︸
(X;IV)
− gmγ¯φ gφµ¯β · ∇α¯φX l · UβmlU µ¯γ¯α¯︸ ︷︷ ︸
(X;V)
,
where (X;I)-(X;V) are additional terms arising from the holomorphic vector field
X. Since
(4.6) ∇φmη˜lq¯ = ∇0mη˜lq¯ − U smlη˜sq¯,
(4.7) ∇φpR0βlq¯m = ∇0pR0βlq¯m + UβpsR0slq¯m − U splR0βsq¯m − U spmR0βlq¯s.
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we have
gmγ¯φ gφµ¯βg
lα¯
φ ((g
βs¯
φ ∇φmη˜s¯l −∇q¯φR0βlq¯m)U µ¯γ¯α¯ + Uβml(gµ¯sφ ∇φγ¯ η˜sα¯ −∇qφR0µ¯α¯qγ¯))
−UβmlU µ¯γ¯α¯(η˜pq¯gpγ¯φ gmq¯φ gφµ¯βglα¯φ − gmγ¯φ η˜µ¯βglα¯φ + gmγ¯φ gφµ¯βgpα¯φ glq¯φ η˜pq¯)− γS ≤ C1(S + 1),
where the constant C1 depends only on N , γ, ω0 and ‖η˜‖C1(Br(p)). On the other
hand, since
∇φlXβ = ∇0lXβ +XkUβlk,
∇φm∇φlXβ = ∇0m∇0lXβ−∇0pXβ ·Upml+∇0lXp ·Uβpm+∇φmXk ·Uβlk+Xk∇φmUβlk,
in the same way as [PSSW11, Section 6], we observe that
|(X;III)|+ |(X;IV)|+ |(X;V)| ≤ C2S|∇φX|ωφ ,
|(X;I)|+ |(X;II)| ≤ C3(S + 1) + S|∇φX|ωφ + |X|ωφ |U |ωφ |∇φU |ωφ
≤ C3(S + 1) + S|∇φX|ωφ +
1
2
|∇φU |2ωφ +
1
2
|X|2ωφ |U |2ωφ
≤ C4(S + 1) + 1
2
|∇φU |2ωφ + S|∇φX|ωφ ,
where C4 depends only on X, ω0 and N . Thus we have
(4.8)(
d
dt
−∆ωφ
)
S ≤ −1
2
|∇φU |2ωφ − |∇φU |2ωφ + (C2 + 1)S|∇φX|ωφ + (C1 + C4)(S + 1).
On the other hand, the evolution equation of |X|2ωφ can be estimated as(
d
dt
−∆ωφ
)
|X|2ωφ = γ|X|2ωφ − |∇φX|2ωφ + (η˜ij¯ +∇φiXj¯)XiX j¯
≤ −1
2
|∇φX|2ωφ + C5.(4.9)
Now we work in local normal coordinates (zi) with respect to ω0 where ωφ is diagonal.
Since
0 ≤ trh ≤ nN,
gjs¯0 g
pq¯
φ g
mk¯
φ φjk¯pφs¯mq¯ ≥
1
N
S,
|gij¯0 ∇φiXj¯ | ≤ trh · |tr∇φX| ≤ C6(S1/2 + 1) ≤
1
N + 1
S + C7,
we observe that
(
d
dt
−∆ωφ)trh = γtrh+ gij¯0 (η˜ij¯ +∇φiXj¯)− gpq¯φ gβγ¯0 gφαγ¯R0αβq¯p − gjs¯0 gpq¯φ gmk¯φ φjk¯pφs¯mq¯
≤ C8 − 1
N(N + 1)
S.(4.10)
Let r > r1 > r/2 and κ be a nonnegative smooth cut-off function that is identically
equal to 1 on Br1(p) and vanishes on the outside of Br(p). Furthermore, we assume
that
|∂κ|ω0 , |
√−1∂∂¯κ|ω0 ≤ C9.
We consider the function
W := κ2
S
K − |X|2ωφ
+Atrh,
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where K is a uniform constant such that 256257K ≤ K−|X|2ωφ ≤ K and A is a uniform
constant determined later. A direct computation shows that(
d
dt
−∆ωφ
)
W = (−∆ωφκ2)
S
K − |X|2ωφ
− 4Re
(
κ∇φκ
K − |X|2ωφ
,∇φS
)
ωφ
−4Re
(
κ∇φκ,
S · ∇φ|X|2ωφ
(K − |X|2ωφ)2
)
ωφ
+
κ2
K − |X|2ωφ
(
d
dt
−∆ωφ
)
S
+
κ2S
(K − |X|2ωφ)2
(
d
dt
−∆ωφ
)
|X|2ωφ −
2κ2S(∇φ|X|2ωφ)2
(K − |X|2ωφ)3
−
2κ2Re(∇φ|X|2ωφ ,∇φS)ωφ
(K − |X|2ωφ)2
+A
(
d
dt
−∆ωφ
)
trh.
Using ( 4.8), ( 4.9) and the facts
(4.11) |∇φ|X|2ωφ |ωφ ≤ |X|ωφ |∇φX|ωφ ,
(4.12) |∇φS|2ωφ ≤ 2S(|∇φU |2ωφ + |∇φU |2ωφ),
we observe that ∣∣∣∣∣(−∆ωφκ2) SK − |X|2ωφ
∣∣∣∣∣ ≤ C10S,
∣∣∣∣∣∣4Re
(
κ∇φκ
K − |X|2ωφ
,∇φS
)
ωφ
∣∣∣∣∣∣ ≤ 4
√
2
K − |X|2ωφ
κ|∇φκ|ωφS1/2(|∇φU |2ωφ + |∇φU |2ωφ)1/2
≤ C11S + κ
2
4(K − |X|2ωφ)
(|∇φU |2ωφ + |∇φU |2ωφ),
∣∣∣∣∣∣4Re
(
κ∇φκ,
S · ∇φ|X|2ωφ
(K − |X|2ωφ)2
)
ωφ
∣∣∣∣∣∣ ≤ C12S + κ
2S|∇φX|2ωφ
4(K − |X|2ωφ)2
,
κ2
K − |X|2ωφ
(
d
dt
−∆ωφ
)
S ≤ − κ
2
2(K − |X|2ωφ)
(|∇φU |2ωφ + |∇φU |2ωφ) +
(C2 + 1)κ
2S|∇φX|ωφ
K − |X|2ωφ
+
κ2(C1 + C4)
K − |X|2ωφ
(S + 1)
≤ − κ
2
2(K − |X|2ωφ)
(|∇φU |2ωφ + |∇φU |2ωφ) +
κ2S|∇φX|2ωφ
8(K − |X|2ωφ)2
+C13(S + 1),
κ2S
(K − |X|2ωφ)2
(
d
dt
−∆ωφ
)
|X|2ωφ ≤ −
κ2S|∇φX|2ωφ
2(K − |X|2ωφ)2
+ C14S,
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2Re(∇φ|X|2ωφ ,∇φS)ωφ
(K − |X|2ωφ)2
∣∣∣∣∣ ≤ 2
√
2κ2
(K − |X|2ωφ)2
|X|ωφ |∇φX|ωφS1/2(|∇φU |2ωφ + |∇φU |2ωφ)1/2
≤
κ2S|∇φX|2ωφ
16(K − |X|2ωφ)2
+
32κ2|X|2ωφ
(K − |X|2ωφ)2
(|∇φU |2ωφ + |∇φU |2ωφ)
≤
κ2S|∇φX|2ωφ
16(K − |X|2ωφ)2
+
κ2
8(K − |X|2ωφ)
(|∇φU |2ωφ + |∇φU |2ωφ)
(because
256
257
K < K − |X|2ωφ < K).
Hence, combining with ( 4.10), we get(
d
dt
−∆ωφ
)
W ≤
(
C10 + C11 + C13 + C14 − A
N(N + 1)
)
S + C13.
Let (x0, t0) be the maximum point of W on Br(p) × [0, T ]. If t0 = 0, then S is
bounded by the initial data ‖φ(·, 0)‖C3(Br(p)). Moreover, we find that W ≡ Atrh on
the boundary of Br(p) where the function trh is uniformly controlled. Then we may
assume that t0 > 0 and x0 does not lie in the boundary of Br(p). By the maximum
principle, we have
0 ≤
(
C10 + C11 + C13 + C14 − A
N(N + 1)
)
S(x0, t0) + C13.
Taking A := N(N +1)(C10+C11+C13+C14+1), we conclude that S(x0, t0) ≤ C13.
Since 0 ≤ trh ≤ nN , we have
S ≤ 257
256
C13 +AnNK ≤ C15
on Br1(p)×[0, T ], where the constant C15 depends only onN , γ, ω0,X, ‖φ(·, 0)‖C3(Br(p))
and ‖η˜‖C1(Br(p)). In particular, |∇φX|2ωφ is uniformly bounded.
Next, we establish the uniform bound of |Rmφ|2ωφ . The evolution equation of the
full curvature tensor along MTKRF is(
d
dt
−∆ωφ
)
Rφj¯il¯k = Rφj¯i
pq¯Rφl¯kq¯p +Rφl¯i
pq¯Rφj¯kq¯p −Rφj¯pl¯q¯Rφpiq¯k −Rφpl¯Rφj¯ipk
−Rφj¯hRφhil¯k −∇φl¯∇φkη˜ij¯ + γRφj¯il¯k − η˜j¯hRφhikl¯
−∇φl¯∇φk∇φiXj¯ −∇φhXj¯ · Rφhikl¯︸ ︷︷ ︸
additional terms arising from X
.(4.13)
By direct computations, we get
(4.14) ∇φl¯∇φkη˜ij¯ = ∇0l¯∇0kη˜ij¯ − U s¯l¯j¯∇0kη˜is¯ −∇0l¯U skiη˜sj¯ − U ski∇0l¯η˜sj¯ + U skiU t¯l¯j¯ η˜st¯,
(4.15) ∇0k¯U ijl = ∇φk¯U ijl = ∂k¯U ijl = −Rφilk¯j +R0ilk¯j,
(4.16)
∇φu¯∇φl∇φjXi = −∇φlXk ·Rφjiku¯−Xk∇φlRφjiku¯−∇φjXp ·Rφpilu¯+∇φsXi ·Rφlsju¯.
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Hence, using the uniform bound of S, |X|2ωφ and |∇φX|2ωφ , we have∣∣∣∣( ddt −∆ωφ
)
Rmφ
∣∣∣∣
ωφ
≤ C16(|Rmφ|2ωφ + |Rmφ|ωφ + 1) + C17|∇φRmφ|ωφ .
Thus, by the uniform bound of |∇φX|2ωφ and the equation ( 4.2), we obtain(
d
dt
−∆ωφ
)
|Rmφ|2ωφ ≤ C18(|Rmφ|3ωφ + |Rmφ|2ωφ) + 2
∣∣∣∣( ddt −∆ωφ
)
Rmφ
∣∣∣∣
ωφ
|Rmφ|ωφ
−|∇φRmφ|2ωφ − |∇φRmφ|2ωφ
≤ C19(|Rmφ|3ωφ + 1)−
1
2
|∇φRmφ|2ωφ − |∇φRmφ|2ωφ .(4.17)
Now we take a smaller radius r2 satisfying r1 > r2 > r/2 and show that |Rmφ|2ωφ is
uniformly bounded on Br2(p). Let µ be a nonnegative smooth cut-off function that
is identically equal to 1 on Br2(p), vanishes on the outside of Br1(p) and satisfies
|∂µ|ω0 , |
√−1∂∂¯µ|ω0 ≤ C20.
Let L be a uniform constant satisfying 512513L ≤ L−S ≤ L. We consider the function
G := µ2
|Rmφ|2ωφ
L− S +BS,
where B is a uniform constant determined later. By computing, we have(
d
dt
−∆ωφ
)
G = (−∆ωφµ2)
|Rmφ|2ωφ
L− S − 4Re
(
µ∇φµ
L− S ,∇φ|Rmφ|
2
ωφ
)
ωφ
−4Re
(
µ∇φµ,
|Rmφ|2ωφ∇φS
(L− S)2
)
ωφ
+
µ2
L− S
(
d
dt
−∆ωφ
)
|Rmφ|2ωφ
+
µ2|Rmφ|2ωφ
(L− S)2
(
d
dt
−∆ωφ
)
S −
2µ2|Rmφ|2ωφ
(L− S)3 |∇φS|
2
ωφ
−2Re
(
µ2
∇φS
(L− S)2 ,∇φ|Rmφ|
2
ωφ
)
ωφ
+B
(
d
dt
−∆ωφ
)
S.
Then, by ( 4.8), ( 4.12), ( 4.17) and
(4.18) |∇φ|Rmφ|2ωφ |ωφ ≤ |Rmφ|ωφ(|∇φRmφ|ωφ + |∇φRmφ|ωφ),
we know that ∣∣∣∣∣(−∆ωφµ2) |Rmφ|
2
ωφ
L− S
∣∣∣∣∣ ≤ C21|Rmφ|2ωφ ,
∣∣∣∣∣4Re
(
µ∇φµ
L− S ,∇φ|Rmφ|
2
ωφ
)
ωφ
∣∣∣∣∣ ≤ 4L− Sµ|∇φµ|ωφ |Rm|ωφ(|∇φRmφ|ωφ + |∇φRmφ|ωφ)
≤ C22|Rmφ|2ωφ +
µ2
4(L− S) (|∇φRmφ|
2
ωφ
+ |∇φRmφ|2ωφ),
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(
µ∇φµ,
|Rmφ|2ωφ∇φS
(L− S)2
)
ωφ
∣∣∣∣∣∣ ≤ 4
√
2|Rmφ|2ωφ
(L− S)2 µ|∇φµ|ωφS
1/2(|∇φU |2ωφ + |∇φU |2ωφ)1/2
≤ C23|Rmφ|2ωφ +
µ2|Rmφ|2ωφ
4(L− S)2 (|∇φU |
2
ωφ
+ |∇φU |2ωφ),
µ2
L− S
(
d
dt
−∆ωφ
)
|Rmφ|2ωφ ≤
C19µ
2
L− S |Rmφ|
3
ωφ
− µ
2
2(L− S)(|∇φRmφ|
2
ωφ
+ |∇φRmφ|2ωφ) + C24
≤
µ2|Rmφ|4ωφ
8(L− S)2 +C25µ
2|Rmφ|2ωφ −
µ2
2(L− S)(|∇φRmφ|
2
ωφ
+ |∇φRmφ|2ωφ)
+C24
≤ C26|Rmφ|2ωφ +
µ2|Rmφ|2ωφ
8(L− S)2 (|∇φU |
2
ωφ
+ |∇φU |2ωφ)
− µ
2
2(L− S) (|∇φRmφ|
2
ωφ
+ |∇φRmφ|2ωφ) + C24
(where we used ( 4.15) in the last inequality),
µ2|Rmφ|2ωφ
(L− S)2
(
d
dt
−∆ωφ
)
S ≤ C27|Rmφ|2ωφ −
µ2|Rmφ|2ωφ
2(L− S)2 (|∇φU |
2
ωφ
+ |∇φU |2ωφ),∣∣∣∣∣2Re
(
µ2
∇φS
(L− S)2 ,∇φ|Rmφ|
2
ωφ
)
ωφ
∣∣∣∣∣ ≤ 2
√
2µ2
(L− S)2S
1/2(|∇φU |2ωφ + |∇φU |2ωφ)1/2 ·
|Rmφ|ωφ(|∇φRmφ|ωφ + |∇φRmφ|ωφ)
≤ 64µ
2S
(L− S)2 (|∇φRmφ|
2
ωφ
+ |∇φRmφ|2ωφ)
+
µ2|Rmφ|2ωφ
16(L− S)2 (|∇φU |
2
ωφ
+ |∇φU |2ωφ)
≤ µ
2
8(L− S)(|∇φRmφ|
2
ωφ
+ |∇φRmφ|2ωφ)
+
µ2|Rmφ|2ωφ
16(L− S)2 (|∇φU |
2
ωφ
+ |∇φU |2ωφ)
(because
512
513
L < L− S < L).
As in the previous part, we may only consider an inner point (x0, t0) which is a
maximum point of G achieved on Br1(p) × [0, T ]. By the maximum principle, we
have
0 ≤
(
C21 + C22 + C23 + C26 + C27 − B
2
)
|Rmφ|2ωφ(x0, t0) + C28.
Now we set B := 2(C21 + C22 + C23 +C26 + C27 + 1). Then we obtain
|Rmφ|2ωφ(x0, t0) ≤ C28.
Since S is uniformly bounded, this implies
|Rmφ|2ωφ ≤ C29
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on Br2(p) × [0, T ], where C29 depends only on N , γ, ω0, X, ‖φ(·, 0)‖C4(Br(p)) and
‖η˜‖C2(Br(p)).
Following [LZ17], we say that φ is Ck,α if its Ck,α norm can be controlled by
a constant depending only on N , γ, ω0, X, ‖φ(·, 0)‖Ck+1(Br(p)), ‖φ‖C0(Br(p)×[0,T ]),
‖η˜‖Ck−1(Br(p)) and ‖F‖C0(Br(p)). Likewise, we say that φ˙ is Ck,α if its Ck,α norm
can be controlled by a constant depending only on N , γ, ω0, X, ‖φ(·, 0)‖Ck+3(Br(p)),
‖φ‖C0(Br(p)×[0,T ]), ‖η˜‖Ck+1(Br(p)) and ‖F‖C0(Br(p)). Since |Rmφ|2ωφ and |∇φX|2ωφ are
uniformly bounded, we know that φ˙ is C1,α. Differentiating the equation ( 4.3) with
respect to zk, we get
d
dt
∂φ
∂zk
= (∆ωφ +X)
∂φ
∂zk
+ gij¯φ
∂g0ij¯
∂zk
− gij¯0
g0ij¯
∂zk
+
∂F
∂zk
+ γ
∂φ
∂zk
+
∂θX
∂zk
+
∂Xi
∂zk
∂φ
∂zi
.
From the above Calabi’s C3-estimate, we know that φ is C2,α and then the coeffi-
cients of ∆ωφ are C
0,α. Since F is the twisted Ricci potential, taking the trace with
respect to ω0 yields
∆ω0F = −trω0Ric(ω0) + γ + trω0 η˜.
Hence the C1,α-norm of F on Br2(p) only depends on ω0, ‖η˜‖C0(Br(p)) and ‖F‖C0(Br(p)).
By the standard elliptic Schauder estimates, we conclude that φ is C3,α on Br3(p)×
[0, T ], where r2 > r3 > r/2.
Now we prove that |∇φRmφ|2ωφ is uniformly bounded. First we compute the
evolution equation of U as
(4.19)
(
d
dt
−∆ωφ
)
Uβml = ∇φm(η˜βl +∇φlXβ)−∇q¯φR0βlq¯m.
Since η˜, Rm0 and X are t-independent tensors, we know that
(4.20) |∇φη˜|ωφ ≤ C30,
(4.21) |∇2φη˜|ωφ + |∇2φRm0|ωφ + |∇2φX|ωφ ≤ C31(1 + |∇φU |ωφ),
|∇3φX|ωφ ≤ C32(1 + |∇φU |ωφ + |∇2φU |ωφ).
On the other hand, by the Ricci identity, we have(
d
dt
−∆ωφ
)
∇φU = ∇φ
(
d
dt
−∆ωφ
)
U + U ∗ ∇φ(Rmφ + η˜ +∇φX) + Rmφ ∗ ∇φU,
where ∗ means the general pairs of tensors. Thus we obtain
(4.22)(
d
dt
−∆ωφ
)
|∇φU |2ωφ ≤ C33(|∇φU |2ωφ+1)+|∇φRmφ|2ωφ−
1
2
|∇φ∇φU |2ωφ−|∇φ∇φU |2ωφ .
Now we set r3 > r
′
3 > r/2 and take a smooth cut-off function ̺ such that
|∂̺|ω0 , |
√−1∂∂¯̺|ω0 ≤ C34,
and set
I := ̺2|∇φU |2ωφ + ES + 2|Rmφ|2ωφ ,
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where E is a uniform constant determined later. Then we see that(
d
dt
−∆ωφ
)
I ≤ (−∆ωφ̺2)|∇φU |2ωφ − 4Re(̺∇φ̺,∇φ|∇φU |2ωφ)ωφ
+̺2
(
d
dt
−∆ωφ
)
|∇φU |2ωφ + E
(
d
dt
−∆ωφ
)
S + 2
(
d
dt
−∆ωφ
)
|Rmφ|2ωφ .
The first and second term of the RHS are estimated as
|(−∆ωφ̺2)|∇φU |2ωφ | ≤ C35|∇φU |2ωφ ,
|4Re(̺∇φ̺,∇φ|∇φU |2ωφ)ωφ | ≤ C36|∇φU |2ωφ +
̺2
4
(|∇φ∇φU |2ωφ + |∇φ∇φU |2ωφ).
Thus, combining with ( 4.8) and ( 4.17), we obtain(
d
dt
−∆ωφ
)
I ≤
(
C33 + C35 + C36 − E
2
)
|∇φU |2ωφ + C37.
Hence, if we set E := 2(C33 + C35 + C36 + 1), the maximum principle implies the
uniform bound of |∇φU |2ωφ on Br′3(p) × [0, T ]. Let D denote the real covariant
derivative with respect to ωφ (extended linearly on the space of complex tensors).
Combining with the uniform bound of |Rmφ|2ωφ and ( 4.15), we have
|DU |2ωφ ≤ C38
on Br′
3
(p)×[0, T ], where the constant C38 depends only onN , γ, ω0,X, ‖φ(·, 0)‖C4(Br(P ))
and ‖η˜‖C2(Br(p)). In particular, we find that |D2X|2ωφ is uniformly bounded. Apply-
ing ∇φ to ( 4.13), we see that∣∣∣∣∇φ( ddt −∆ωφ
)
Rmφ
∣∣∣∣
ωφ
≤ C39(|∇φRmφ|ωφ + |∇φ∇φ∇φη˜|ωφ + |∇φ∇φ∇2φX|ωφ).
Applying ∇φ to ( 4.14) and ( 4.16), and using the uniform bound of |DU |2ωφ , we
have
|∇φ∇φ∇φη˜|ωφ ≤ C40(1 + |∇φRmφ|ωφ),
|∇φ∇φ∇2φX|ωφ ≤ C41(1 + |∇φRmφ|ωφ + |∇2φRmφ|ωφ).
Combining with(
d
dt
−∆ωφ
)
∇φRmφ = ∇φ
(
d
dt
−∆ωφ
)
Rmφ +Rmφ ∗ ∇φ(Rmφ + η˜ +∇φX),
we find that(
d
dt
−∆ωφ
)
|∇φRmφ|2ωφ ≤ C42(|∇φRmφ|2ωφ+1)−
1
2
|∇φ∇φRmφ|2ωφ−|∇φ∇φRmφ|2ωφ .
Now we take a smaller radius r′3 > r
′′
3 > r/2 and a smooth cut-off function σ that is
identically equal to 1 on Br′′
3
(p), vanishes on the outside of Br′
3
(p) and satisfies
|∂σ|ω0 , |
√−1∂∂¯σ|ω0 ≤ C43.
We apply the maximum principle to the function σ2|∇φRmφ|2ωφ +P |Rmφ|2ωφ (where
P is a suitable uniform constant). Then, as in the previous argument, we find that
|∇φRmφ|2ωφ is uniformly bounded on Br′′3 (p)× [0, T ]. Thus we have
|DRmφ|2ωφ ≤ C44
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on Br′′
3
(p) × [0, T ], where C44 depends only on N , γ, ω0, X, ‖φ(·, 0)‖C5(Br(p)) and
‖η˜‖C3(Br(p)).
Applying D to the equation ( 4.2), we have
D
√−1∂∂¯φ˙ = DRic(ωφ) +Dη˜ +D(∇φX♭),
where X♭
j¯
:= gφij¯X
i. Taking the trace, we have
|∆ωφDφ˙|ωφ ≤ |D∆ωφφ˙|ωφ + |DRmφ ∗ φ˙|ωφ + |Rmφ ∗Dφ˙|ωφ
≤ C45(|DRmφ|ωφ + |Dη˜|ωφ + |D2X|ωφ + |DRmφ|ωφ |φ˙|+ |Rmφ|ωφ |Dφ˙|ωφ)
From the above computations and the fact that φ˙ is C1,α, we find that Dφ˙ is C1,α,
which implies that φ˙ is C2,α. Differentiating the equation ( 4.3) two times and
using the elliptic Schauder estimates, we have φ is C4,α on Br4(p) × [0, T ], where
r′′3 > r4 > r/2.
Now we establish the Ck,α-estimate for φ. For this, we set the following induction
hypothesis:
(Hk)

|DjRm|2ωφ ≤ C1j
φ˙ is Cj+1,α
φ is Cj+3,α
on Brj+3(p)× [0, T ] for all j = 0, 1, . . . k,
where r > r1 > · · · > rk+2 > rk+3 > r/2 and the constant C1j depends only on N ,
γ, ω0, X, ‖φ(·, 0)‖Cj+4(Br(p)), ‖φ‖C0(Br(p)×[0,T ]), ‖η˜‖Cj+2(Br(p)) and ‖F‖C0(Br(p)). We
have already seen that this statement is established for k = 0, 1. Now we assume
that the induction hypothesis (Hk) holds for some k ≥ 1. Since φ is Ck+3,α, we
observe that
|DjU |2ωφ ≤ C46 for j = 0, 1, . . . , k.
In particular, for any t-independent tensor A, we find that |DjA|2ωφ is uniformly
bounded for j = 0, 1, . . . , k+1. We first show the uniform bound of |Dk+1U |2ωφ . Let
r, s (r+s = k+1) are non-negative integers. Then any (k+1)-detivative of U differs
from ∇rφ∇
s
φU by a linear combination of D
iU ∗Dr+s−2−iRmφ (0 ≤ i ≤ r + s − 2),
which has been already estimated by the induction hypothesis (Hk). Thus we may
only consider ∇rφ∇
s
φU . Moreover, the equation ( 4.15) and (Hk) indicate that we
should only consider ∇k+1φ U . Using the Ricci identity repeatedly, we have(
d
dt
−∆ωφ
)
∇k+1φ U = ∇k+1φ
(
d
dt
−∆ωφ
)
U︸ ︷︷ ︸
(∇k+1U ;I)
+
∑
p≥0,q≥1
p+q=k+1
∇pφU ∗ ∇qφ(Rmφ + η˜ +∇φX)
︸ ︷︷ ︸
(∇k+1U ;II)
+
∑
p≥0,q≥1
p+q=k+1
∇pφRmφ ∗ ∇qφU
︸ ︷︷ ︸
(∇k+1U ;III)
.
By ( 4.19) and (Hk), we observe that
|(∇k+1U ;I)|ωφ ≤ C47(1 + |∇k+1φ U |ωφ + |∇k+2φ U |ωφ),
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|(∇k+1U ;II)|ωφ ≤ C48(1 + |∇k+1φ Rmφ|ωφ + |∇k+1φ U |ωφ),
|(∇k+1U ;III)|ωφ ≤ C49(1 + |∇k+1φ Rmφ|ωφ).
Thus the evolution equation of |∇k+1φ U |2ωφ can be estimated as
(4.23)(
d
dt
−∆ωφ
)
|∇k+1φ U |2ωφ ≤ −
1
2
|∇k+2φ U |2ωφ−|∇φ∇k+1φ U |2ωφ+C50|∇k+1φ U |2ωφ+|∇k+1φ Rmφ|2ωφ .
Hence we should compute the evolution equation of |∇kφU |2ωφ and |∇kφRmφ|2ωφ , and
add them to the above equation. It is not hard to see that
(4.24)
(
d
dt
−∆ωφ
)
|∇kφU |2ωφ ≤ C51 −
1
2
|∇k+1φ U |2ωφ − |∇φ∇kφU |2ωφ ,
(4.25)
(
d
dt
−∆ωφ
)
|∇kφRmφ|2ωφ ≤ C52 −
1
2
|∇k+1φ Rmφ|2ωφ − |∇φ∇kφRmφ|2ωφ .
Actually, we can compute the first item in the same way as ( 4.23). For the second
item, one should refer to the computation of ( 4.28). Hence we take a smooth
cut-off function ς and apply the maximum principle to the function ς2|∇k+1φ U |2ωφ +
Q|∇kφU |2ωφ + 2|∇kφRmφ|2ωφ (for a suitable uniform constant Q) to get the uniform
control of |∇k+1φ U |2ωφ in Br′j+3(p) × [0, T ] with a smaller radius rk+3 > r′k+3 > r/2.
Thus we have
|Dk+1U |2ωφ ≤ C53
on Br′j+3(p)×[0, T ], where the constant C53 depends only onN , γ, ω0,X, ‖φ(·, 0)‖Ck+4(Br(p)),
‖φ‖C0(Br(p)×[0,T ]), ‖η˜‖Ck+2(Br(p)) and ‖F‖C0(Br(p)). In particular, we find that |Dk+2X|2ωφ
is uniformly bounded.
Next, we establish the uniform estimate for |Dk+1Rmφ|2ωφ . As in the previous case,
we may only consider the tensor of the form ∇rφ∇
s
φRmφ for non-negative integers r,
s such that r+s = k+1. Moreover, by the symmetries of Rmφ, we may also assume
that r 6= 0.
Case 1: r, s 6= 0.
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Using the Ricci identity repeatedly, we have(
d
dt
−∆ωφ
)
∇rφ∇sφRmφ = ∇rφ∇sφRmφ
(
d
dt
−∆ωφ
)
Rmφ︸ ︷︷ ︸
(∇r∇
s
Rm;I)
+
∑
p≥0,q≥1
p+q=k+1
∇pφ∇
s
φRmφ ∗ ∇qφ(Rmφ + η˜ +∇φX)
︸ ︷︷ ︸
(∇r∇
s
Rm;II)
+
∑
p≥0,q≥1
p+q=k+1
∇pφRmφ ∗ ∇qφ∇
s
φ(Rmφ + η˜ +∇φX)
︸ ︷︷ ︸
(∇r∇
s
Rm;III)
+
∑
p≥0,q≥1
p+q=k+1
i=0,1,...,r
∇iφ∇pφRmφ ∗ ∇r−iφ ∇
q
φ(Rmφ + η˜ +∇φX)
︸ ︷︷ ︸
(∇r∇
s
Rm;IV)
+
∑
p≥0,q≥1
p+q=k+1
i=0,1,...,r
∇iφ∇
p
φRmφ ∗ ∇r−iφ ∇
q
φRmφ
︸ ︷︷ ︸
(∇r∇
s
Rm;V)
.
By ( 4.13), ( 4.14), ( 4.15), ( 4.16) and the uniform bound of |Dk+1U |2ωφ , we can
estimate the first term as follows:
|(∇r∇sRm;I)|ωφ = ∇rφ∇
s
φ(Rmφ ∗Rmφ +∇φ∇φη˜ +Rmφ + η˜ ∗ Rmφ +∇φ∇2φX +∇φX ∗ Rmφ)
≤ C54(1 + |∇rφ∇sφ(Rmφ ∗Rmφ)|ωφ + |∇rφ∇
s+1
φ ∇φη˜|ωφ + |∇rφ∇
s+1
φ ∇2φX|ωφ),
|∇rφ∇sφ(Rmφ ∗ Rmφ)|ωφ + |∇rφ∇
s+1
φ ∇φη˜|ωφ ≤ C55(1 + |∇rφ∇
s
φRmφ|ωφ),
|∇rφ∇s+1φ ∇2φX|ωφ ≤ C56(1 + |∇rφ∇
s
φRmφ|ωφ + |∇rφ∇
s
φ∇φRmφ|ωφ)
≤ C57(1 + |∇rφ∇sφRmφ|ωφ + |∇r+1φ ∇
s
φRmφ|ωφ)
(where we used the Ricci identity and (Hk)).
Other terms are easier and estimated as follows:
|(∇r∇sRm;II)|ωφ + |(∇r∇
s
Rm;III)|ωφ ≤ C58,
|(∇r∇sRm;IV)|ωφ + |(∇r∇
s
Rm;V)|ωφ ≤ C59(1 + |∇rφ∇
s
φRmφ|ωφ).
Hence we have
(4.26)(
d
dt
−∆ωφ
)
|∇rφ∇sφRmφ|2ωφ ≤ C60|∇rφ∇
s
φRmφ|2ωφ−
1
2
|∇r+1φ ∇
s
φRmφ|2ωφ−|∇φ∇rφ∇
s
φRmφ|2ωφ .
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We can estimate the evolution equation of |∇r−1φ ∇
s
φRmφ|2ωφ in a similar way to get
(4.27)(
d
dt
−∆ωφ
)
|∇r−1φ ∇
s
φRmφ|2ωφ ≤ C61 −
1
2
|∇rφ∇sφRmφ|2ωφ − |∇φ∇r−1φ ∇
s
φRmφ|2ωφ .
We take a smooth cut-off function τ that is identically equal to 1 on Br′′
k+3
(p),
vanishes on the outside of Br′
k+3
(p) and satisfies
|∂τ |ω0 , |
√−1∂∂¯τ |ω0 ≤ C62,
where r′k+3 > r
′′
k+3 > r/2. Applying the maximum principle to the function
τ2|∇rφ∇
s
φRmφ|2ωφ +A1|∇r−1φ ∇
s
φRmφ|2ωφ (for a suitable uniform constant A1), we get
|∇rφ∇sφRmφ|2ωφ ≤ C63
on Br′′
k+3
(p)× [0, T ].
Case 2: s = 0.
Using the Ricci identity repeatedly, we have(
d
dt
−∆ωφ
)
∇k+1φ Rmφ = ∇k+1φ
(
d
dt
−∆ωφ
)
Rmφ︸ ︷︷ ︸
(∇k+1Rmφ;I)
+
∑
p≥0,q≥1
p+q=k+1
∇pφRmφ ∗ ∇qφ(Rmφ + η˜ +∇φX)
︸ ︷︷ ︸
(∇k+1Rmφ;II)
+
∑
p≥0,q≥1
p+q=k+1
∇pφRmφ ∗ ∇qφRmφ
︸ ︷︷ ︸
(∇k+1Rmφ;III)
.
By ( 4.13), ( 4.14), ( 4.15), ( 4.16) and the uniform bound of |Dk+1U |2ωφ , we can
estimate these terms as
|(∇k+1Rmφ;I)|ωφ ≤ C64(1 + |∇k+1φ Rmφ|ωφ + |∇k+2φ Rmφ|ωφ),
|(∇k+1Rmφ;II)|ωφ + |(∇k+1Rmφ;III)|ωφ ≤ C65(1 + |∇k+1φ Rmφ|ωφ).
Thus we have
(4.28)(
d
dt
−∆ωφ
)
|∇k+1φ Rmφ|2ωφ ≤ C66|∇k+1φ Rmφ|2ωφ−
1
2
|∇k+2φ Rmφ|2ωφ−|∇φ∇k+1φ Rmφ|2ωφ .
Now we use the same cut-off function τ constructed in Case 1, and consider the
function τ2|∇k+1φ Rmφ|2ωφ+A2|∇kφRmφ|2ωφ (for a suitable uniform constant A2). Since
the evolution equation of |∇kφRmφ|2ωφ has been already estimated in ( 4.25), the
maximum principle implies that
|∇k+1φ Rmφ|2ωφ ≤ C67
on Br′′
k+3
(p)× [0, T ]. Combining with Case 1, we have
|Dk+1Rmφ|2ωφ ≤ C68
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on Br′′
k+3
(p)×[0, T ], where the constant C68 depends only onN , γ, ω0, X, ‖φ(·, 0)‖Ck+5(Br(p)),
‖φ‖C0(Br(p)×[0,T ]), ‖η˜‖Ck+3(Br(p)) and ‖F‖C0(Br(p)).
Applying Dk+1 to the equation ( 4.2) and taking the trace, we have
|∆ωφDk+1φ˙|ωφ ≤ |Dk+1∆ωφφ˙|ωφ + C69
k+1∑
i=0
|DiRmφ|ωφ |Dk+1−iφ˙|ωφ
≤ C70
(
|Dk+1Rmφ|ωφ + |Dk+1η˜|ωφ + |Dk+2X|ωφ +
k+1∑
i=0
|DiRmφ|ωφ |Dk+1−iφ˙|ωφ
)
.
From the above estimates and (Hk), we know that |∆ωφDk+1φ˙|ωφ is uniformly
bounded. Hence Dk+1φ˙ is C1,α, which implies φ˙ is Ck+2,α. Differentiating the
equation ( 4.3) (k + 2)-times and applying the elliptic Schauder estimates, we find
that φ is Ck+4,α on Brk+4(p) × [0, T ] where r′′k+3 > rk+4 > r/2. Thus we have the
statement (Hk+1) as desired. This completes the proof of Proposition 4.1. 
Now we give the proof of Theorem 1.1.
Proof of Theorem 1.1. Let T > 0 be a constant. By Proposition 3.1, we know that
sup
M×[0,T ]
|ϕǫ|, sup
M×[0,T ]
|ϕ˙ǫ| < C(T )
for some constant C(T ) (independent of ǫ). Thus Proposition 3.2 implies that
(4.29) A(T )−1ωǫ ≤ ωϕǫ ≤ A(T )ωǫ
on M for some constant A(T ) (independent of ǫ). We exhaust M\D by a sequence
of compact subsets K, and [0,∞) by a sequence of closed intervals [0, T ]. From
( 4.29), we know that
N−1ω0 ≤ ωφǫ ≤ Nω0
on K × [0, T ], where the constant N only depends on K and T . Moreover, the
initial data kχ + cǫ0, (1 − β)ηǫ, Fǫ are uniformly bounded in the C∞loc-topology on
K × [0, T ]. Thus Proposition 4.1, together with the diagonal argument implies that
there exists a subsequence ϕǫi(t) which converges to a function ϕ(t) that is smooth
on M\D. Then, by ( 4.29), we also know that ωϕ is a conical Ka¨hler metric along
(1 − β)D. Now we will check that ωϕ satisfies the equation ( 1.2). Let ζ = ζ(x, t)
be any smooth (n − 1, n − 1)-form on M × [0,∞) with compact support Supp(ζ).
Without loss of generality, we assume that Supp(ζ) ⊂ [0, T ). Since Fǫ, χ, ϕǫ are
uniformly bounded on M × [0, T ], for t ∈ [0, T ], dominated convergence theorem
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implies that∫
M
∂ωϕǫ
∂t
∧ ζ =
∫
M
√−1∂∂¯
(
log
(
ωnϕǫ
ωn0
·
d∏
i=1
(ǫ2 + |si|2Hi)(1−β)τi
)
+ F0 + γ(kχ+ ϕǫ)
)
∧ ζ
+
∫
M
LXωϕǫ ∧ ζ
=
∫
M
(
log
(
ωnϕǫ
ωn0
·
d∏
i=1
(ǫ2 + |si|2Hi)(1−β)τi
)
+ F0 + γ(kχ+ ϕǫ)
)
∧√−1∂∂¯ζ
−
∫
M
ωϕǫ ∧ LXζ
ǫi→0−−−→
∫
M
(
log
ωnϕ
ωn0
+ F0 + γ(kχ+ ϕ) + log |sD|2(1−β)HD
)
∧ √−1∂∂¯ζ
−
∫
M
ωϕ ∧ LXζ
=
∫
M
√−1∂∂¯
(
log
ωnϕ
ωn0
+ F0 + γ(kχ+ ϕ) + log |sD|2(1−β)HD
)
∧ ζ
+
∫
M
LXωϕ ∧ ζ
=
∫
M
(−Ric(ωϕ) + γωϕ + (1− β)[D] + LXωϕ) ∧ ζ,
∫
M
ωϕǫi ∧
∂ζ
∂t
ǫi→0−−−→
∫
M
ωϕ ∧ ∂ζ
∂t
.
On the other hand, as in the proof of [LZ17, Theorem 4.1], we have∫
M
∂ωϕǫ
∂t
∧ ζ ǫi→0−−−→
∫
M
∂ωϕ
∂t
∧ ζ.
Hence, on [0, T ], we find that
∂
∂t
∫
M
ωϕ ∧ ζ =
∫
M
(−Ric(ωϕ) + γωϕ + (1− β)[D] + LXωϕ) ∧ ζ
+
∫
M
ωϕ ∧ ∂ζ
∂t
.
Integrating the above equation on [0,∞), we get∫
M×[0,∞)
∂ωϕ
∂t
∧ ζdt =
∫ ∞
0
(
∂
∂t
∫
M
ωϕ ∧ ζ −
∫
M
ωϕ ∧ ∂ζ
∂t
)
dt
=
∫
M×[0,∞)
(−Ric(ωϕ) + γωϕ + (1− β)[D] + LXωϕ) ∧ ζdt.
Since ζ is arbitrary, ωϕ satisfies the equation ( 1.2) in the sense of distributions
on M × [0,∞). Meanwhile, the equation ( 2.6) can be written as
(ω0 +
√−1∂∂¯φǫ)n
ωn0
=
exp(φ˙ǫ − F0 − γφǫ − θX −X(φǫ))∏d
i=1(ǫ
2 + |si|2Hi)(1−β)τi
,
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where φǫ, φ˙ǫ and X(φǫ) are uniformly bounded, which implies that the L
p-norm of
the RHS is uniformly bounded for some p > 1 since β ∈ (0, 1]. Thus the Ho¨lder
continuity of ϕ with respect to ω0 is a direct consequence from Kolodziej’s work
[Kol08, Theorem 2.1]. This completes the proof of Theorem 1.1. 
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